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Abstract This paper focuses on the study of dynamic modeling of nonholonomic wheeled mobile robotic
manipulators, which consist of a serialmanipulatorwith elastic joints and an autonomouswheeledmobile
platform. To avoid computing the Lagrange multipliers associated with the nonholonomic constraints,
the approach of Gibbs-Appell (G-A) formulation in recursive form is adopted. For modeling the system
completely and precisely, dynamic interactions between themanipulator and themobile platform, aswell
as both nonholonomic constraints associated with the no-slipping and the no-skidding conditions, are
included. Based on developed formulation, an algorithm is proposed that recursively and systematically
derives the equation of motion. In this algorithm, in order to improve the computational complexity, all
mathematical operations are done by only 3 × 3 and 3 × 1 matrices. Also, all dynamic expressions of a
link are expressed in the same link local coordinate system. Finally, two computational simulations for
mobile manipulators with rigid and elastic joints are presented to indicate the capability of this algorithm
in generating the equation of motion of mobile robotic manipulators with high degree of freedom.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The mobile manipulator under consideration is a multi-link
manipulator with elastic joints mounted on top of a mobile
platform. Such a combined system is capable of executing
manipulation tasks in a much larger workspace than that of
a fixed-base manipulator. Their high mobility, accompanied
by their dexterous manipulation abilities, makes these robots
increasingly utilized in various applications, such as planetary
exploration, rescue operations, mine detection, agriculture,
military missions, nuclear reactor maintenance, search and
recovery, security, and firefighting.
As manipulator and platform dynamic equations are non-
linear, nonholonomic and highly coupled, deriving and solv-
ing the kinematic and dynamic equations of a mobile robotic
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doi:10.1016/j.scient.2012.05.001manipulator is relatively complicated. Although large amounts
of research and development have been done in the area of
mobile manipulators, most developed previous models assume
only plannermotion and/or holonomic constraints inwhich the
complexity of the modeling is often significantly simplified. For
example, in [1], an underwater vehicle with multiple robotic
manipulators is modeled. In this paper, angular momentum
preservation laws imposenonholonomic constraints on the sys-
tem, which are not included in themodel. A cooperatingmobile
manipulator, in which the mobile platform moves on a planar
surface, is modeled by Khatib et al. [2]. The dynamic equations
in their work are obtained using the Lagrangian methodology,
but the mobile platform is assumed to move in a holonomic
way. Hootsmanns and Dubowsky [3] developed themobile ma-
nipulator Jacobian Transpose Control algorithm,which relies on
vehiclemotion sensing and the kinematicmodels of the system.
However, only holonomic motion of the mobile platform was
considered. A simplified model of a wheeled mobile manipu-
lator system is proposed by Liu and Lewis [4], but their model
cannot be applied to a mobile manipulator with rotation capa-
bility.
In order to completely attain the potential profits offered by
mobile robotic manipulators, one apparently needs an explicit,
Open access under CC BY-NC-ND license.
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perimental investigations of industrial manipulators show that
joint flexibility has a great effect on the overall dynamics of
the system. To model the flexibility in the joints, Spong and
Vidyasagar [5] assumed that they behave like a linear torsional
spring. Considering dynamic interaction between the manip-
ulator and the mobile platform is the other important issue
in the dynamic modeling of this kind of robot. Wiens [6] pro-
posed mounting a single-link manipulator on a planar mobile
platform, and a technique to determine the dynamic coupling
effect between the mobile platform and the robot manipula-
tor. The study was aimed at finding the stability criteria that
guarantee the vehicle does not tip over. Chen and Zalzala [7]
considered the nonholonomic constraint that originates from
the platform’s nature. In this paper, the Newton–Euler formu-
lation was used to obtain the dynamic equations of the system,
but all nonholonomic constraints executed in such systems are
not included in their models. Yamamoto [8] and Yamamoto and
Yun [9,10] improved the dynamic model more completely, and
included all nonholonomic constraints imposed on such sys-
tems. In their work, merging the constraints with the system’s
equations of motion is done using the well-known Lagrange
multipliers methodology. However, computation of Lagrange
multipliers is known to be a cumbersome and computationally
inefficient task.
With Lagrangian mechanics, nonholonomic constraints and
associated Lagrange multipliers cannot be eliminated from
the formulation before the equations of motion are derived.
Only after deriving the equations of motion in constrained
form can one use a series of substitutions to eliminate
the Lagrange multipliers and surplus coordinates. So, to
avoid Lagrange multipliers, Thanjavur and Rajagopala [11]
modeled an Autonomously Guided Vehicle (AGV), using Kane’s
equations. They pointed out the advantages of using Kane’s
formulation to model vehicles and utilized some of the tools
to incorporate nonholonomy. Also, in [12], a complete model
for a mobile manipulator system has been constructed, based
on Kane’s approach, by Tanner and Kyriakopouos. In this
article, a set of dynamic equations and a set of constraint
equations for multiple mobile manipulators are presented.
Another method for avoiding the Lagrange multipliers was
proposed by Saha [13] in which the concept of Decoupled
Natural Orthogonal Complement (DeNOC) matrices, for inverse
and forward dynamics of serial rigid robotic systems was used.
Mohan and Saha [14] extended (DeNOC) matrices to serial
flexible multibody systems. They exploited the advantages of
both EL and NE formulations.
As noted above, combining a mobile platform and a multi-
link manipulator makes the dynamic equations more complex.
So, to increase the efficiency of the inverse and forward
dynamics solution, using a recursive formulation is inevitable.
In the recursive formulation, the chainlike physical structure
of the manipulator is exploited, with the motion of each link
represented in respect to its neighboring link. Although a
great many recursive algorithms have been proposed as an
effective way to generate the dynamic equations of robotic
manipulators with rigid and flexible links, much of this work
has been confined to fixed-base manipulators [15–21]. In
the field of mobile robotic manipulators, Yu and Chen [22]
applied forward recursive formulation to obtain the governing
equation of nonholonomic mobile manipulator systems. The
proposed approach is general for modeling nonholonomic
wheeled mobile manipulators, and is based on the principle of
virtual work. Recently, an algorithm based on Newton–Eulerrecursive dynamics is proposed by Boyer and Ali [23]. This
algorithm performs calculation of the control torques, as well
as the overall rigid motions, involved in locomotion tasks. Also,
in Ref. [24], a recursive Newton–Euler formulation is used to
present the inverse and forward dynamics of different robotics
systems, by Khalil. One case that had been considered was a
robot manipulator with a moving base. The main advantage of
this technique is the facility of implementation by numerical or
symbolic programming, and providing models with a reduced
number of operations.
Dynamic equations of motion by (G–A) formulation have
been the least used for resolution of the dynamic problem of
manipulating robots. In the field of robotics, Vukobratovic and
Potkonjak [25] used (G–A) equations to develop a closed form
representation of high computational complexity. Desoyer and
Lugner [26] solved the inverse dynamic problem by using
the Jacobian matrix of the manipulator, with the purpose of
avoiding the explicit development of the partial derivatives.
Another approach was suggested by Vereshcahagin [27], which
proposed manipulator motion equations from Gauss’ principle
and Gibbs’ function. This approach was used by Rudas and
Toth [28] to solve the inverse dynamic problem of robots.
More recent investigations can be found in [29] where (G–A)
formulation is used for motion equations of a snake-like robot;
in [30,31] where inverse and forward dynamic equations of
motion of N-rigid links are presented in recursive form; and
in [32,33] where motion equations of elastic link manipulators
are presented.
As mentioned above, this paper focuses on the study of dy-
namic modeling of nonholonomic wheeled mobile robotic ma-
nipulators by using recursive (G–A) formulation. So, the rest of
the paper is organized as follows. In Section 2, the kinematics
of the system is described. Section 3 is devoted to obtaining the
Gibbs’ function of the system. The potential energy of the sys-
tem is constructed in Section 4. Inverse and forward dynamic
equations of the system are presented in Sections 5 and 6, re-
spectively. In Section 7, a recursive algorithm is proposed that
generates the equation of motion systematically. Two compu-
tational simulations are performed in Section 8 to show the ef-
fectiveness of the proposed method. And, finally, in Section 9,
the conclusions from the present work are summarized and the
merits of the proposed method are highlighted.
2. Kinematics of the system
2.1. Kinematics of the manipulator
In this section, the kinematics of a chain of N-rigid links
interconnected by flexible rotary joints and mounted on a
mobile platform is considered. The wheeled mobile platform
moves on the ground, subject to nonholonomic constraints. The
coordinate system of every link is attached according to the
following rules developed. XYZ is the coordinate system that
is attached to the ground and can be considered a reference
coordinate system. xiyizi is a coordinate system on link i, whose
origin is located at the beginning of this link; the xi axis is
along the length of the ith link from Oi to Oi+1, and the zi axis
passes through the ith joint and can be considered as the axis of
revolution of the ith link.
The arbitrary vector, ia⃗, that is expressed in the ith body’s
local reference system, can be presented in every coordinate
system, j, as:
ja⃗ = jRiia⃗, (1)
where jRi is the rotation matrix that shows the orientation of
the ith body’s local reference system, with respect to those of
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jRi = jRi−1Ai, (2)
where Ai is the ith joint rotation matrix, which shows the
orientation of the xiyizi coordinate system, with respect to
xi−1yi−1zi−1. The coefficients of this matrix are only functions
of qi, where qi is the ith time dependent joint generalized
coordinate. This rotation matrix can be presented by dot
products of a pair of unit vectors, as:
Ai =
xi · xi−1 yi · xi−1 zi · xi−1
xi · yi−1 yi · yi−1 zi · yi−1
xi · zi−1 yi · zi−1 zi · zi−1

. (3)
In Figure 1, the arbitrary differential element,Q , on the ith link is
shown. The position of this point, with respect to the ith body’s
local reference system, is expressed by i r⃗Q/Oi where:
i r⃗Q/Oi =

η 0 0
T
. (4)
Also, η is the distance between point Oi and differential
element Q . The absolute acceleration of differential element
Q , expressed in the ith body’s local reference system, can be
presented as:
i ¨⃗rQ = i ¨⃗rOi + i ˙⃗ωi × i r⃗Q/Oi + iω⃗i ×
iω⃗i × i r⃗Q/Oi , (5)
where i ¨⃗rOi is the absolute acceleration of the origin of the ith
body’s local reference system, and iω⃗i and i ˙⃗ωi are the angular
velocity and the angular acceleration of the ith link, where both
of them are expressed in the ith body’s local reference system.
In the next section, Eq. (5) will be used to construct acceleration
energy due to link motion.
2.2. Kinematics of the mobile platform
In modeling the mobile platform, the following assumption
is adopted.
1. There is no slipping between the wheel and the floor,
i.e. rolling contact is maintained.2. The vehicle cannot move side-ways to maintain the
nonholonomic constraint.
3. The motion of the mobile platform is confined to the
XY plane, and no translation along the global Z axis is
considered.
Now, the kinematic of the mobile platform is presented.
The no-skidding condition states that the platform has no-
sideway motion. So, the absolute velocity of point A (the
intersection point of the axis of symmetry and the drivingwheel
axis), expressed in the x0y0z0 coordinate system (the coordinate
system attached to the platform), can be presented as:
0v⃗A = vA0x⃗0, (6)
where ix⃗i =

1 0 0
T . The angular velocity of the platform
is in the y0 direction and can be presented as:
0 ˙⃗φ = φ˙0y⃗0, (7)
where iy⃗i =

0 1 0
T . Now, by having the absolute velocity
of point A and the angular velocity of the platform, the absolute
acceleration of the platform and wheels’ center of mass, i.e. G,
can be presented in the x0y0z0 coordinate system as:
0 ˙⃗vG =

v˙A − dφ˙2
 0x⃗0 − vAφ˙ + dφ¨ 0z⃗0, (8)
where iz⃗i =

0 0 1
T . Also, d is the distance between point
A and G, v˙A is the absolute acceleration of point A and φ¨ is the
angular acceleration of the platform. In the next section, Eq. (8)
will be used to construct the Gibbs’ function of the platform.
2.3. Kinematics of the left and right driving wheels
According to nonholonomic constraints and the no-slipping
condition, the velocities of the right and left driving wheels’
center can be presented as:
0v⃗R = raθ˙R0x⃗0, (9)
0v⃗L = raθ˙L0x⃗0, (10)
M.H. Korayem et al. / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1092–1104 1095where ra is the radius of the driving wheels; and θ˙R and θ˙L
are the angular velocities of the right and left driving wheels,
respectively. Furthermore, the above expressions, in terms of
vA and φ˙, can be expressed as:
0v⃗R =

vA + bφ˙
 0x⃗0, (11)
0v⃗L =

vA − bφ˙
 0x⃗0, (12)
where b is the distance between point A and the center of the
driving wheels. From Eqs. (9) to (12), θ˙R and θ˙L can be evaluated
as:
θ˙R = 1ra

vA + bφ˙

, (13)
θ˙L = 1ra

vA − bφ˙

. (14)
In Sections 3 and 5, Eqs. (13) and (14)will be used for calculation
of the Gibbs’ function of the driving wheels and generalized
forces, due to the torques that are exerted on the right and left
driving wheels.
3. The system’s acceleration energy (Gibbs’ function)
In this section, the system’s acceleration energy is developed
for use in the (G–A) equations. The acceleration energy of the
mobile manipulators arises from four sources:
1. Links motion;
2. Platform motion;
3. Rotation of driving wheels;
4. Rotation of the flexible rotors of robotic manipulators.
For calculating the Gibbs’ function of the manipulators, first,
the acceleration energy of a differential element on the ith
link is written. Then, integration of this differential acceleration
energy over the link from 0 to li (the length of the ith link)
gives the link’s total contribution. Summationof allN-rigid links
provides the Gibbs’ function of the manipulators as:
S1 =
n
i=1
 li
0
1
2
µi(η)

i ¨⃗rTQ · i ¨⃗rQ

dη
+
n
i=1
 li
0
1
2
i ˙⃗ωTi · Ji(η)i ˙⃗ωidη, (15)
where µi(η) and Ji(η) are the mass per unit length and mass
moment of inertia matrix per unit length of the ith link,
respectively. Inserting Eq. (5) into above the equation yields:
S1 =
n
i=1
1
2
B0i i ¨⃗rTOi · i ¨⃗rOi − i ¨⃗r
T
Oi · B1i i ˙⃗ωi
− i ¨⃗rTOi · iω˜iB1i iω⃗i +
1
2
i ˙⃗ωTi · (B2i + B3i) i ˙⃗ωi
+ i ˙⃗ωTi · iω˜iB2i iω⃗i + irrelevant terms, (16)
where:
B0i =
 li
0
µidη, (17)
B1i =
 li
0
µi
i r˜Q/Oidη, (18)
B2i =
 li
0
µi
i r˜TQ/Oi
i r˜Q/Oidη, (19)
B3i =
 li
0
Jidη. (20)Also, i r˜Q/Oi and
iω˜i are skew-symmetric tensors associated
with i r⃗Q/Oi and
iω⃗i vectors. In Eq. (16), there is a term named
‘‘irrelevant terms’’. Becausewewill be taking partial derivatives
of the Gibbs’ function, with respect to the rates of change of the
quasi-velocities, we can ignore any term in the Gibbs’ function
that does not contain derivatives of quasi-velocities. It should be
noted that B2i has units of inertia matrix and is computed off-
line one time for a given link structure . Then, the acceleration
energy of the platform and driving wheels is considered. The
Gibbs’ function of the platform and wheels will be presented
as:
S2 + S3 = 12Mpw

v˙A − dφ˙2
2 + vAφ˙ + dφ¨2
+ 1
2
Ipwφ¨2 + 12 Iw

θ¨2R + θ¨2L

, (21)
whereMpw is the total mass of the platform and drivingwheels;
Ipw is the totalmoment of inertia of the platform and the driving
wheels about a vertical axis that passes through the center of
mass G; and Iw is the moment of inertia of the right and left
driving wheels about the wheels’ axis of revolution.
Finally, the acceleration energy of the flexible rotors of
robotic manipulators can be presented as:
S4 =
n
i=1
1
2
Iriq¨2mi, (22)
where Iri is the ith moment of inertia of the flexible rotor and
q¨mi is the angular acceleration of the ith motor. The summation
of Eqs. (16), (21) and (22) leads to the acceleration energy of the
whole system.
3.1. Derivatives of Gibbs’ function with respect to quasi-acceler-
ations
As noted above, one part of the dynamic equations of the
system using (G–A) formulation will be obtained by taking the
derivative of Gibbs’ function,with respect to the time derivative
of quasi-velocities (quasi-acceleration). So, a set of appropriate
independent quasi-velocities should be selected. Here, in this
paper, the velocity of point A i.e. vA, the angular velocity of the
platform i.e. φ˙, and the joints and motors generalized velocities
i.e. q˙i and q˙mi, will be selected as quasi-velocities.
In Gibbs’ function, only i ¨⃗rOi and i ˙⃗ωi are functions of q¨j. So,
the partial derivative of Gibbs’ function, with respect to q¨j,
yields:
∂S
∂ q¨j
=
n
i=j+1
∂ i ¨⃗rTOi
∂ q¨j
·

B0i i ¨⃗rOi − B1i i ˙⃗ωi − iω˜iB1i iω⃗i

+
n
i=j
∂ i ˙⃗ωTi
∂ q¨j
·

B1i i ¨⃗rOi + (B2i + B3i) i ˙⃗ωi + iω˜iB2i iω⃗i

. (23)
As i ˙⃗ωi is independent of v˙A, the partial derivative of Gibbs’
function, with respect to v˙A, can be presented as:
∂S
∂v˙A
=
n
i=1
∂ i ¨⃗rTOi
∂v˙A
·

B0i i ¨⃗rOi − B1i i ˙⃗ωi − iω˜iB1i iω⃗i

−Mpwdφ˙2 +

Mpw + 2Iwr2a

v˙A. (24)
The partial derivative of Gibbs’ function, with respect to the
angular acceleration of the platform, i.e. φ¨, can be offered as:
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∂φ¨
=
n
i=1
∂ i ¨⃗rTOi
∂φ¨
·

B0i i ¨⃗rOi − B1i i ˙⃗ωi − iω˜iB1i iω⃗i

+Mpwd

dφ¨ + vAφ˙
+ Ipw + 2Iw b2r2a

φ¨
+
n
i=1
∂ i ˙⃗ωTi
∂φ¨
·

B1i i ¨⃗rOi + (B2i + B3i) i ˙⃗ωi
+ iω˜iB2i iω⃗i

. (25)
And, finally, the partial derivative of Gibbs’ function with
respect to q¨mj can be presented as:
∂S
∂ q¨mj
= Irjq¨mj. (26)
4. The system’s potential energy
The potential energy of the system arises from two sources:
1. Gravity,
2. Elastic deformations in the joints of robotic manipulators.
The effect of gravity on manipulators can be considered simply
by inserting 0 ¨⃗rO0 = g0y⃗0 where g is the acceleration of gravity.
Under this assumption, the platform has an acceleration of 1g
to the top. So, the effect of gravity has been considered without
additional computations.
To express the strain potential energy of the whole system,
at first, the strain potential energy stored in the ith joint is
computed. Then, summation over all n joints yields the strain
potential energy of the whole system as:
Ve =
n
i=1
1
2
Kri (qmi − qi)2 , (27)
where Kri is the torsional stiffness of the ith rotor, and qi and qmi
have been mentioned before.
4.1. Derivatives of potential energy with respect to quasi-
coordinates
For deriving the equations of motion of mobile robotic
manipulators, partial derivatives of strain potential energy,
with respect to generalized coordinates, are needed. The partial
derivative of strain potential energy, with respect to qj, yields:
∂Ve
∂qj
= −Krj

qmj − qj

. (28)
But, partial derivatives of strain potential energy, with respect
to qmj, yields:
∂Ve
∂qmj
= Krj

qmj − qj

. (29)
5. Inverse dynamic equations of motion using (G–A) formu-
lation
In the previous section, the generalized forces caused by the
torsional springs of robotic manipulators have been evaluated.
The motion equation of mobile robotic manipulators will be
completed by considering generalized forces due to remaining
external forces. Let us assume that there is no external load
on links of robotic manipulators. So, the only external forcesconfined to torque τj apply to the jth joint, and τR and τL
that are exerted to the right and left driving wheels. So with
this assumption, the generalized force associated with the kth
quasi-velocity can be calculated as:
Uk =
n
i=1
q˙kmiτi + θ˙ kRτR + θ˙ kL τL,
k = q˙1, q˙2, . . . , q˙n, q˙m1, q˙m2, . . . , q˙mn, vA, φ˙. (30)
Now, the dynamic equations of motion of mobile robotic
manipulators using (G–A) formulation will be completed as:
1. The equation of motion of the jth link:
∂S
∂ q¨j
+ ∂Ve
∂qj
= 0 j = 1, 2, . . . , n. (31)
2. The equation of motion of the jth rotor:
∂S
∂ q¨mj
+ ∂Ve
∂qmj
= τj j = 1, 2, . . . , n. (32)
3. The translational motion equation of the platform:
∂S
∂v˙A
= 1
ra
(τR + τL) . (33)
4. The rotational motion equation of the platform:
∂S
∂φ¨
= b
ra
(τR − τL) , (34)
where all components of the above equations have been
evaluated before. These equations are in the form of inverse
dynamic. In this type of dynamic, the forces exerted by the
actuators are obtained algebraically for certain configurations
of the manipulator (position, velocity and acceleration). On
the other hand, the forward dynamic problem computes the
acceleration of the joints of the manipulator once the forces
exerted by the actuators are given. This problem is part of
the process that must be followed to perform the simulation
of the dynamic behavior of the manipulator. This process is
completed after it calculates the velocity and position of the
joints by a process of numerical integration in which the initial
configuration is data input to the problem.
6. Forward dynamic equations of motion
The purpose of this section is to present the equation of
motion of mobile robotic manipulators in forward dynamic
form. In this form, the time derivatives of quasi-velocities are
desired on the ‘‘left hand side’’ of the equation as unknowns,
and the remaining dynamic effects and inputs are desired on
the ‘‘right hand side’’ as:
I

Θ, Θ˙
 ¨⃗
Θ = −→Re, (35)
where I(Θ, Θ˙) is the symmetric and positive-definite inertia
matrix of the whole system; ¨⃗Θ is the vector of quasi-
accelerations, and
−→
Re is the vector containing strain, gravita-
tional, Coriolis, and centrifugal forces or torques, and also the
generalized forces or torques exerted to the joints of the robotic
manipulator and also to the right and left driving wheels. The
vector of quasi-acceleration can be presented as:
¨⃗
Θ = q¨1 q¨2 · · · q¨j · · · q¨n q¨m1 q¨m2 · · ·
q¨mj · · · q¨mn v˙A φ¨
T
. (36)
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terms can be represented as:
−→
Re = Req1 Req2 · · · Reqj · · · Reqn
Reqm1 Reqm2 · · · Reqmj · · · Reqmn
RevA Reφ
T
, (37)
where Reqj, Reqmj, Rev and Reφ will be obtained after excluding
all terms in Eqs. (31)–(34) that contain the time derivatives of
quasi-velocities, respectively.
For the purpose of this section, as a first step, the summation
form of i ¨⃗rOi and i ˙⃗ωi must be presented. Having these terms
in summation form makes it possible to evaluate the partial
derivatives of i ¨⃗rOi and i ˙⃗ωi, with respect to q¨j, v˙A and φ¨, which
appeared in Eqs. (23)–(25).
The absolute acceleration of the origin of the ith body’s local
reference system can be presented as:
i ¨⃗rOi = iRi−1

i−1 ¨⃗rOi−1 + i−1 ˙⃗ωi−1 × i−1 r⃗Oi/Oi−1
+ i−1ω⃗i−1 ×
i−1ω⃗i−1 × i−1 r⃗Oi/Oi−1 , (38)
while the angular acceleration of the ith link can be presented
as:
i ˙⃗ωi= iRi−1 i−1 ˙⃗ωi−1 + iRi−1 i−1ω⃗i−1 × iz⃗iq˙i + iz⃗iq¨i. (39)
Eqs. (38) and (39) represent the expression of i ¨⃗rOi and i ˙⃗ωi in
recursive form. Converting them in summation form yields:
i ¨⃗rOi = i ¨⃗rOs,i + i ¨⃗rOv,i , (40)
i ˙⃗ωi = i ˙⃗ωs,i + i ˙⃗ωv,i, (41)
where i ¨⃗rOs,i and i ˙⃗ωs,i are representative of those constructive
terms of i ¨⃗rOi and i ˙⃗ωi that contain q¨j, q¨mj, v˙A and φ¨ as quasi-
accelerations, whereas i ¨⃗rOv,i and i ˙⃗ωv,i are those components of
i ¨⃗rOi and i ˙⃗ωi that do not contain quasi-accelerations. They can be
represented as:
i ¨⃗rOs,i =
i−1
k=1
iRk

k ˙⃗ωs,k × k r⃗Ok+1/Ok

+ iR0

v˙A
0x⃗0 − dφ¨0z⃗0

, (42)
i ¨⃗rOv,i =
i−1
k=1
iRk
kω⃗k × kω⃗k × k r⃗Ok+1/Ok
+ k ˙⃗ωv,k × k r⃗Ok+1/Ok

+ iR0
−dφ˙20x⃗0 + gy0y⃗0 − vAφ˙0z⃗0 , (43)
i ˙⃗ωs,i = iR00y⃗0φ¨ +
i
k=1
iRkkz⃗kq¨k, (44)
i ˙⃗ωv,i =
i−1
k=0
iRkkω⃗k × iRk+1k+1z⃗k+1q˙k+1. (45)
Now, the result of partial derivatives of i ¨⃗rOi and i ˙⃗ωi, with respect
to quasi-accelerations, can be represented as:
∂ i ˙⃗ωi
∂ q¨j
= iRjjz⃗j, (46)
∂ i ˙⃗ωi
∂φ¨
= iR00y⃗0, (47)∂ i ¨⃗rOi
∂ q¨j
= iRjjz⃗j × i r⃗Oi/Oj , (48)
∂ i ¨⃗rOi
∂v˙A
= iR00x⃗0, (49)
∂ i ¨⃗rOi
∂φ¨
= −iR0d0z⃗0 + iR00y⃗0 × i r⃗Oi/O0 . (50)
In deriving the last derivation, it is assumed that the origin of
the first coordinate system, i.e. O1, coincides with the origin of
the platform’s coordinate system, i.e. O0.
6.1. Inertia coefficients
For constructing the inertia coefficient thatmultiplies quasi-
accelerations, the partial derivatives of i ¨⃗rOi and i ˙⃗ωi, with respect
to quasi accelerations, i.e. Eqs. (46)–(50), and also that part of
i ¨⃗rOi and i ˙⃗ωi which contain quasi-accelerations, i.e. Eqs. (42) and
(44), should be substituted in relevant parts of the equations of
motion, i.e. Eqs. (31)–(34). Maintaining all the terms that have
q¨k, q¨mk, v˙A and φ¨ as their coefficients in the left hand side, and
writing them in matrix form, yields the inertia matrix of the
whole system. This procedure will be described in detail in the
following.
6.1.1. The coefficients of quasi-accelerations in link equations
In the jth link equation, i.e. Eq. (31), all terms that have q¨k, v˙A
and φ¨ as their coefficients can be grouped as:
n
k=1
jz⃗Tj ·
jσk − jψk kz⃗k − n−1
k=1
jz⃗Tj · jUkkz⃗k

q¨k
+ jz⃗Tj ·
jγ0 + jξ0 0x⃗0v˙A
+ jz⃗Tj · jσ0 − jψ0 − jU0 0y⃗0
− jz⃗Tj · d
jγ0 + jξ0 0z⃗0 φ¨, (I)
where:
jσk =
n
i=max(k,j)
jRi (B2i + B3i) iRk, (51)
jψk =
n
i=max(k,j+1)
j r˜Oi/Oj
jRiB1i iRk, (52)
jUk =
n−1
t=k
jγt + jξt+ t r˜Ot+1/Ot tRk, (53)
jγt =
n
i=max(t+1,j+1)
j r˜Oi/OjB0i
jRt , (54)
jξt =
n
i=max(t,j)
jRiB1i iRt , (55)
jξt+ =
n
i=max(t+1,j)
jRiB1i iRt . (56)
It should be noted that in the jth link equation, no term has
q¨mj as its coefficient. In the following, that part of the inertia
matrix of the whole system, constructed by Expression (I), is
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issue that can be used for increasing the speed of construction of
the inertiamatrix. The expressions that appeared in summation
form in Eqs. (51)–(56) can be evaluated recursively. This makes
a reduction in necessary computations and will be considered,
in detail, in the next section.
6.1.2. The coefficient of quasi-acceleration in rotor equations
In the jth rotor equation, i.e. Eq. (32), the only term that has
quasi-acceleration can be represented as Irjq¨mj. The position of
these terms in the inertia matrix of the whole system is shown
by Irj.
6.1.3. The coefficient of quasi-acceleration in translational motion
equation of the platform
As the inertia matrix of the whole system is symmetric,
the coefficient of q¨j in the translational motion equation of the
platform, i.e. Eq. (33), is the same as the coefficient of v˙A in link
equations. So, it is not necessary to present the coefficient of q¨j
in the translational motion equation of the platform. But, the
coefficient of v˙A and φ¨ can be presented as:
Mtot +Mpw + 2Iwr2a

v˙A − 0x⃗T0 ·
0V0 + 0ξ0 0y⃗0φ¨, (II)
where:
0V0 =
n−1
t=1
0λt
t r˜ot+1/ot
tR0, (57)
Mtot =
n
i=1
B0i, (58)
0λk =
n
i=k+1
B0i0Rk. (59)
It should be noted that in the translational motion equation of
the platform, no term has q¨mj as its coefficient. The position
of Expression (II) in the inertia matrix of the whole system is
determined by⊗.
6.1.4. The coefficient of quasi-acceleration in rotational motion
equation of the platform
In a manner much the same as in the previous three steps,
the below expression will be obtained after grouping all terms
in the rotational motion equation of the platform, i.e. Eq. (34),
that have φ¨ as their coefficients.
0y⃗T0 ·
0σ0 − 0ψ0 − 0U0 0y⃗0 − 0y⃗T0 · d 0γ0 + 0ξ0 0z⃗0
+ 0z⃗T0 · d
0V0 + 0ξ0 0y⃗0 + 2Iw b2r2a
+ d2 Mtot +Mpw+ Ipwφ¨. (III)
The symmetricity of the inertia matrix of the whole system
implies that the coefficient of q¨j in the rotational motion
equation of the platform is the same as the coefficient of φ¨
in link equations. Also, the coefficient of v˙A in the rotational
motion equation of the platform is the same as the coefficient
of φ¨ in the translational motion equation of the platform. Like
the previous three steps, Expression (III) should be written inmatrix form. The position of this expression in the inertiamatrix
of the whole system is shown by⊕.
I

Θ, Θ˙

=

∆ ∆ · · · ∆ 0 0 · · · 0 ∆ ∆
∆ · · · ∆ 0 0 · · · 0 ∆ ∆
...
...
...
...
...
...
...
...
∆ 0 0 · · · 0 ∆ ∆
Ir1 0 · · · 0 0 0
Ir2 · · · 0 0 0
sym
...
...
...
...
Irn 0 0
⊗ ⊗
⊕

.
6.2. Vector of remaining dynamics and external forcing terms
In this section, the right hand side of equations ofmotionwill
be presented in recursive form. To carry out this process, in link
equations, all terms that do not have q¨j, q¨mj, v˙A and φ¨ should be
moved to the right hand side, as:
Reqj = Krj

qmj − qj
− n
i=j+1
∂ i ¨⃗rTOi
∂ q¨j
· iS⃗i −
n
i=j
∂ i ˙⃗ωTi
∂ q¨j
· iT⃗i, (60)
where:
iS⃗i = B0i i ¨⃗rOv,i − B1i i ˙⃗ωv,i − iω˜iB1i iω⃗i, (61)
iT⃗i = B1i i ¨⃗rOv,i + (B2i + B3i) i ˙⃗ωv,i + iω˜iB2i iω⃗i. (62)
Substituting Eqs. (46) and (48) in Eq. (60) and changing it to a
recursive form yields:
Reqj = Krj

qmj − qj
− jz⃗Tj · jχ⃗j, (63)
where:
jχ⃗j=j T⃗j + j r˜Oj+1/Oj jϕ⃗j+j Rj+1j+1χ⃗j+1, (64)
jϕ⃗j = jRj+1

j+1S⃗j+1+j+1 ϕ⃗j+1

. (65)
Now, let us consider Reqmj . In the rotor equation, if the terms
that do not have quasi-accelerations as their coefficients are
moved to the right hand side, the following expression will be
obtained:
Reqmj = τj − Krj

qmj − qj

. (66)
In the translational motion equation of the platform, all terms
that do not have q¨j, q¨mj, v˙A and φ¨ as their coefficients can be
grouped as:
RevA =
1
ra
(τR + τL)+Mpwdφ˙2 −
n
i=1
∂ i ¨⃗rTOi
∂v˙A
· iS⃗i. (67)
Substituting Eq. (49) in Eq. (67) and changing it to a recursive
form yields:
RevA =
1
ra
(τR + τL)+Mpwdφ˙2 − 0x⃗T0 · 0ϕ⃗0. (68)
And, finally, in the rotational motion equation of the platform,
if all terms that do not have quasi-accelerations as their
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expression will be obtained:
Reφ = bra (τR − τL)−Mpwdφ˙vA −
n
i=1
∂ i ¨⃗rTOi
∂φ¨
· iS⃗i
−
n
i=1
∂ i ˙⃗ωTi
∂φ¨
· iT⃗i. (69)
Inserting Eqs. (47) and (50) in Eq. (69) and changing it to a
recursive form yields:
Reφ = bra (τR − τL)−Mpwdφ˙vA −
0y⃗T0 · 0R11χ⃗1
+ d0z⃗T0 · 0ϕ⃗0. (70)
7. Proposed algorithm
Now, we shall present an algorithm that results from the
expressions developed in previous sections. In this algorithm,
all cross products are done in tensor notation. Also, at the end
of the proposed algorithm, the number of sums and products
for construction of the equation of motion is presented. The
calculations are done in a step by step process as follows:
Step 1: The rotation matrix will be calculated by this algorithm.
for i = 1 : 1 : n
i−1Ri = Ai, iRi−1 = i−1RTi . (0M0A)
Step 2: The vectors of iω⃗i, i ˙⃗ωv,i and i ¨⃗rOv,i can be calculated
recursively as:
Initialize:
0ω⃗0 = 0y⃗0φ˙, 1 ˙⃗ωv,1 = 1R00ω⃗0 × 1z⃗1q˙1,
1 ¨⃗rOv,1 = 1R0
−dφ˙2 gy −vAφ˙T ,
for i = 1 : 1 : n
iω⃗i = iRi−1 i−1ω⃗i−1 + iz⃗iq˙i, (10M7A)
for i = 2 : 1 : n
i ˙⃗ωv,i = iRi−1

i−1ω˜i−1 i−1Ri iz⃗iq˙i + i−1 ˙⃗ωv,i−1

; (22M15A)
i ¨⃗rOv,i = iRi−1

i−1 ˙˜ωv,i−1 i−1 r⃗Oi/Oi−1
+ i−1ω˜i−1
i−1ω˜i−1 i−1 r⃗Oi/Oi−1+ i−1 ¨⃗rOv,i−1.(36M30A)
Step 3: In this step, the vectors of iS⃗i and iT⃗i are calculated.
for i = 1 : 1 : n
Eq. (61) (36M30A)
Eq. (62). (36M33A)
Step 4: The vectors of jϕ⃗j and jχ⃗i can be calculated by the
algorithm below.
Initialize:
nϕ⃗n =

0 0 0
T ; nχ⃗n = nT⃗n,
for j = n− 1 : −1 : 0
Eq. (65) (9M9A)for j = n− 1 : −1 : 1
Eq. (64). (18M18A)
Step 5: Assembling the vector of the remaining dynamics and
external forcing terms,
for j = 1 : 1 : n
Rej = Eq. (63) (2M2A)
for j = 1 : 1 : n
Rej+n = Eq. (66) (1M2A)
Re2n+1 = Eq. (68) (5M3A)
Re2n+2 = Eq. (70). (16M10A)
At the end of this step, the right hand side of the equations
of motion is completely evaluated. In continuation, a recursive
algorithm is presented that evaluates the left hand side of the
equations of motion and also the inertia matrix of the whole
system.
Step 6: Calculation of the compound rotation matrix,
for j = 1 : 1 : n
jRj = I3×3, (0M0A)
for j = 0 : 1 : n− 2; k = j+ 2 : 1 : n
jRk = jRk−1k−1Rk, kRj=j RTk . (18M18A)
Step 7: The algorithm below evaluates the vector of i r⃗Oj/Oi :
for i = 2 : 1 : n− 1; j = i− 1 : −1 : 1
j r⃗Oi+1/Oi = jRj+1j+1 r⃗Oi+1/Oi , (9M6A)
for i = 1 : 1 : n− 2; j = i+ 2 : 1 : n
i r⃗Oj/Oi = i r⃗Oj−1/Oi + i r⃗Oj/Oj−1 . (0M3A)
Step 8: In this step, the variables that have appeared in
summation form in the inertia matrix are evaluated.
• Calculation of jσk:
for k = n : −1 : 1; j = k : −1 : 1
if (k = j)
if (k = n) nσn = (B2n + B3n) ; (0M9A)
else
kσk = (B2k + B3k)+ kσk+1k+1Rk; (27M36A)
else
jσk = jRj+1j+1σk, kσj = jσ Tk . (27M18A)
• Calculation of jξk:
for k = n : −1 : 1; j = k : −1 : 1
if (k = j),
if (k = n) nξn = B1n, (0M0A)
else
kξk = B1k + kξk+1k+1Rk, (27M27A)
else
jξk = jRj+1j+1ξk, kξj = −jξ Tk . (27M18A)
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for j = n− 1 : −1 : 1
jψn = j r˜On/Oj jξn, (18M9A)
for j = n− 1 : −1 : 1; k = n− 1 : −1 : 1
if (k > j)
jψk = jψk+1k+1Rk + j r˜Ok/Oj jRkB1k, (63M45A)
else
jψk = jψk+1k+1Rk. (27M18A)
• Calculation of 0λk:
for k = n− 1 : −1 : 1;
if (k = n− 1), 0λn−1 = 0Rn−1B0n, (9M0A)
else
0λk = 0λk+1k+1Rk + 0RkB0k+1. (36M27A)
• Calculation of jγk
for j = n− 1 : −1 : 1
jγn−1 = j r˜On/Oj jR00λn−1, (45M27A)
for j = n− 1 : −1 : 1; k = n− 2 : −1 : 1
if (k < j) jγk = jγk+1k+1Rk, (27M18A)
else
jγk = jγk+1k+1Rk + B0k+1j r˜Ok+1/Oj jRk. (51M36A)
• Calculation of jξk+ :
for j = 1 : 1 : n; k = 1 : 1 : n− 1
jξk+ = jξk+1k+1Rk. (27M18A)
• Calculation of jUk:
for j = 1 : 1 : n
jUn−1 =
jγn−1 + jξn−1+ n−1 r˜On/On−1 , (18M18A)
for j = 1 : 1 : n; k = n− 2 : −1 : 1
jUk =
jγk + jξk+ k r˜Ok+1/Ok + jUk+1k+1Rk. (45M45A)
• Calculation of 0V0:
Initialize:
0V0 =

0 0 0; 0 0 0; 0 0 0
for j = 1 : 1 : n− 1
0V0 = 0V0 + 0λjj r˜Oj+1/Oj jR0. (45M36A)
• Calculation of jσ0, jU0, jξ0:
for j = 1 : 1 : n
jσ0 = jσ11R0, jU0 = jU11R0,
jξ0 = jξ11R0. (81M54A)
• Calculation of jψ0, jγ0:
for j = 1 : 1 : n− 1
jψ0 = jψ11R0, jγ0 = jγ11R0. (54M36A)• Calculation of 0σ0, 0ξ0, 0ψ0, 0γ0, 0U0:
0σ0 = 0R11σ0, 0ξ0 = 0R11ξ0,
0ψ0 = 0R11ψ0, 0γ0 = 0R11γ0,
0U0 = 0R11U0. (135M90A)
Step9: Finally, the assembling of the inertiamatrix for thewhole
system will be presented.
for j = 1 : 1 : n; k = j : 1 : n
if (k ≠ n) Ijk = jz⃗Tj ·
jσk − jψk − jUk kz⃗k, (0M18A)
else if (k = n), (j ≠ n),
Ijn = jz⃗Tj ·
jσn − jψn nz⃗n, (0M9A)
else Inn = nz⃗Tn · nσnnz⃗n, (0M0A)
for j = 1 : 1 : n; k = n+ 1 : 1 : 2n
Ijk = 0, (0M0A)
for j = 1 : 1 : n; k = 2n+ 1
if j ≠ n
Ij2n+1 = jz⃗Tj ·
jγ0 + jξ0 0x⃗0, (0M9A)
else In2n+1 = nz⃗Tn · nξ00x⃗0, (0M0A)
for j = 1 : 1 : n; k = 2n+ 2
if j ≠ n
Ij2n+2 = jz⃗Tj ·
jσ0 − jψ0 − jU0 0y⃗0
− jz⃗Tj ·
jγ0 + jξ0 d0z⃗0, (9M28A)
else
In2n+2 = nz⃗Tn ·
nσ0 − nU0 0y⃗0 − nz⃗Tn · nξ0d0z⃗0, (9M10A)
for j = n+ 1 : 1 : 2n; k = j : 1 : 2n+ 2
if j = k Ijk = Irj, (0M0A)
else Ijk = 0, (0M0A)
for j = 2n+ 1; k = 2n+ 1
I2n+12n+1 = Mtot +Mpw + 2Iwr2a
, (2M3A)
for j = 2n+ 1; k = 2n+ 2
I2n+12n+2 = −0x⃗T0 ·
0V0 + 0ξ0 0y⃗0, (0M9A)
for j = 2n+ 2; k = 2n+ 2
I2n+22n+2 = 0y⃗T0 ·
0σ0+ − 0ψ0+ − 0U0+ 0y⃗0
+ 0z⃗T0 · d
0ξ0+ + 0V0+ 0y⃗0
− 0y⃗T0 · d
0γ0 + 0ξ0+ 0z⃗0
+ d2 Mtot +Mpw+ Ipw + 2Iw b2r2a , (20M42A)
for k = 1 : 1 : 2n+ 1; j = k+ 1 : 1 : 2n+ 2
Ijk = Ikj. (0M0A)
According to the above steps, the required mathematical
operations for construction of the equation of motion by (G–A)
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Parameters Value Unit
L1 = L2 = L3 0.5 m
Kr1 = Kr2 = Kr3 1000 N m
Ir1 = Ir2 = Ir3 0.05 kg m2
µ1 = µ2 = µ3 2 kgm−1
J1 = J2 = J3

16 0 0; 0 8 0; 0 0 8

× 10−4 kg m
Ipw 0.06363 kg m2
Mpw 6.64 kg
Iw 0.001 kg m2
d 0.2 m
ra 0.08 m
b 0.145 m
g 10 m s−2
τR; τL τR = 0.1; τL = 0.2 N m
τ1; τ2; τ3

if t ≥ 0 & t < 0.5 τ1 = τ2 = 3; τ3 = 1
if t ≥ 0 & t < 1 τ1 = τ2 = −3; τ3 = −1
else if t ≥ 1 & t < 1.5 τ1 = τ2 = τ3 = 0
N mformulation can be presented as:
Sums:
162n2 + 147n− 14.
Products:
197n2 + 139n− 27,
where n is the total number of links of the mobile robotic
manipulator.
8. Computational simulation
In order to show the capability of this algorithm in deriving
the equation of motion of mobile robotic manipulators with
rigid and elastic joints, two computational simulations are
presented in this section.
Simulation 1. In this section, two simulations according to
the proposed algorithm are performed. The first simulation is
about a three-link robotic manipulator with elastic joints that
is mounted on a mobile platform (Figure 2).
All necessary parameters for computational simulation can
be found in Table 1.
To explain the computational procedure for the simulation
clearly, we rewrite Eq. (35) as:
¨⃗
Θ = I−1 Θ, Θ˙−→Re. (71)
Converting Eq. (71) in state form yields:
X˙1 = X2, (72)
X˙2 = I−1 (X1, X2)−→Re. (73)
Also, all initial conditions for computational simulation have
been set to zero. So:
q1(0) = q˙1(0) = q2(0) = q˙2(0) = q3(0) = q˙3(0)
= qm1(0) = q˙m1(0) = qm2(0) = q˙m2(0)
= qm3(0) = q˙m3(0) = xA(0) = vA(0)
= φ(0) = φ˙(0) = 0.
Here, for solving a set of sixteen differential equations, a
numericalmethod such as Runge–Kuttamaybeused. By solvingFigure 2: Three-link mobile robotic manipulator with elastic joints.
this set of differential equations, the time response of the
systemwill be obtained. The results of simulation are presented
in Figures 3–8.
Simulations results show that the response of the flexible
joints is highly undesirable, and in order to get the dynamics
of the system to be acceptable for most practical purposes, very
effective controllers are required to control the vibration.
Simulation 2. The second simulation deals with a 5R robotic
manipulator with ideal joints that is mounted on a mobile
platform (Figure 9).
The hypothetical parameters of the links for computational
simulation can be found in Table 2. The platformparameters are
the same as in the first simulation.
Also, all initial conditions for computational simulation have
been set to zero. So:
q1(0) = q˙1(0) = q2(0) = q˙2(0) = q3(0) = q˙3(0) = q4(0)
= q˙4(0) = q5(0) = q˙5(0) = xA(0) = vA(0)
= φ(0) = φ˙(0) = 0.
In Figures 10–13, the time response of the system is illustrated.
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Figure 5: The difference between joints and motors angles.
To study the efficiency of the proposed recursive algorithm,
the required CPU time for deriving and solving the equation of
motion of the two above robotic systems should be presented.
The CPU time for the simulation duration of 1.5 s, taken by the
Intel R⃝ CoreTM 2 Duo Processor E7500 @ 3 GHz, is 61.89 s for the
first simulation and 251.54 s for the second simulation. The CPU
time was obtained using ‘‘tic’’ and ‘‘toc’’ commands of MATLAB
at the beginning and end of the program for the simulation.Figure 6: The difference between joints and motors angular velocities.
Figure 7: Platform trajectory in XY plane.
Also, to see the effect of step sizes on the simulation results
by the recursive algorithm, different step sizes are used. But no
significant effect was observed.
9. Summary and conclusion
In this work, mobile robotic manipulators with elastic joints
are modeled. The model is based on the (G–A) methodology,
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Figure 9: 5Rmobile robotic manipulator with ideal joints.
Figure 10: Angular position of the joints.
which is in contrast to the Newton–Euler and Lagrangian dy-
namic modeling approaches, wherein mathematical complex-
ities, computational requirements, and lack of physical insight
into the effects of various constraint forces on the system, lim-
its their applicability in the design of suitable controllers for
these kinds of robotic manipulator. The emphasis of this pa-
per has been set on obtaining precise and complete equations
of motion of wheeled mobile robotic manipulators, which in-Figure 11: Angular velocity of the joints.
Figure 12: Platform trajectory in XY plane.
Figure 13: End effector trajectory in XYZ plane.
cludes dynamic interactions between the manipulator and the
mobile platform, as well as both nonholonomic constraints
associated with no-slipping and no-skidding conditions. In
modeling, a recursive algorithm is adopted to derive mo-
tion equations systematically, and improve computational effi-
ciency. According to the performed computational simulations
in Section 9, the proposed algorithm can be considered as gen-
eral, which is easy to implement and simulates a high degree
of freedom of wheeled mobile robotic manipulators, with less
computational effort.
For future work, the achieved results from the proposed
method can be compared with experimental results. Also, for
improving joint modeling, besides flexibility, the effects of
damping and friction can also be included.
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Parameters Value Unit
The length of the links L1 = 0, L2 = L3 = 1, L4 = L5 = 0.1 m
Mass per unit length µ1 = 0, µ2 = µ3 = 2, µ4 = µ5 = 5 kgm−1
Mass moment of inertia per unit length
J1 =

0 0 0; 0 0 0; 0 0 0
kg mJ2 = J3 =

4 0 0; 0 2 0; 0 0 2× 10−4
J4 = J5 =

10 0 0; 0 5 0; 0 0 5× 10−4
Gravity g = 10 m s−2
Applied torque to driving wheels τR = 0.1; τL = 0.2 N m
Applied torque to manipulators
if 0 ≤ t < 0.5 τ1 = τ2 = 3, τ3 = 0.6, τ4 = 0.005, τ5 = 0.0005if 0.5 ≤ t < 1 τ1 = τ2 = −3, τ3 = −0.6, τ4 = −0.005, τ5 = −0.0005if 1 ≤ t ≤ 1.5 τ1 = τ2 = τ3 = τ4 = τ5 = 0 N mReferences
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